It is commonly assumed that a charged particle does not accelerate linearly along a spatially uniform magnetic field. We show that this is no longer the case if the interaction of the particle with the quantum vacuum is chiral, in which case parity and time-reversal symmetries are simultaneously broken. In particular, this is the situation of an electroweak interacting particle in the presence of a uniform magnetic field. We demonstrate first that, in a spatially uniform and adiabatically timevarying magnetic field, a proton coupled to the leptonic vacuum acquires a kinetic momentum antiparallel to the magnetic field, whereas virtual leptons gain an equivalent Casimir momentum in the opposite direction. Remarkably, leptons remain virtual throughout the process, which means that the proton acceleration is not caused by the recoil associated to the emission of any actual particle. The kinetic energy of the proton is part of its electroweak self-energy, which is provided by the source of magnetic field. In addition we find that, in a constant and uniform magnetic field, the adiabatic spin-relaxation of a single proton is accompanied by its acceleration along the magnetic field. We estimate that, at the end of the spin-polarization process, the proton reaches a velocity of the order of µm/s. The latter finding may lie within the scope of experimental observations.
I. INTRODUCTION
The vacuum state of any quantum field theory contains field fluctuations whose energy is commonly referred to as zero-point energy [1, 2] . Such an energy, which is conjectured to form part of the cosmological constant [3] , could have observable gravitational effects [4] . In addition, when quantum field fluctuations couple to material current fluctuations, their interaction energy is finite and can be detected through the observables of the material degrees of freedom. That is, for instance, through the forces between conducting plates in the Casimir effect [5] , the van-der-Waals forces between neutral polarizable molecules [6] , or the Lamb-shift of neutral atoms [2, 7] . Beyond QED, analogous Casimir effects have been addressed in QCD and non-Abelian gauge theories [8, 9] .
On the other hand, homogeneity of space and translation invariance of the vacuum state of any quantum field theory imply that the net momentum of its vacuum field fluctuations is identically zero. However, when quantum field fluctuations couple to material current fluctuations through a Hamiltonian which violates both parity (P) and time-reversal (T), it is symmetry allowed for the field fluctuations to acquire a net virtual momentum. Conversely, in virtue of total momentum conservation, the material degrees of freedom gain a kinetic momentum of equal strength in the opposite direction, which can be experimentally accessible.
The existence of a virtual momentum of electromagnetic (EM) fluctuations was first shown by Feigel in Ref. [10] -see also Ref. [11] . There, P and T symmetries appeared broken by the magneto-optical activity of a chi-ral medium in a magnetic field. Feigel obtained a net momentum for the fluctuations of the effective EM field, which he referred to as Casimir momentum for its analogy with the energy of the EM fluctuations in the Casimir effect. However, Feigel's semiclassical approach, based on the application of the fluctuation-dissipation theorem to an effective medium, contained unphysical divergences. Later, the QED approach of Ref. [12] revealed that a finite Casimir momentum is indeed carried by the virtual photons which couple to a chiral molecule in the presence of a magnetic field. In contrast to Feigel's, the approach of Ref. [12] was Hamiltonian, with P being broken by the electrostatic potential generated by the chiral distribution of atoms within the molecule, and T being broken by the Zeeman potential of the magnetic field. Further, it was shown that, at a fundamental level, that EM Casimir momentum is due to the differential Doppler-shift experienced by the virtual photons which propagate in the directions parallel and antiparallel to the magnetic field. That differential Doppler shift has its origin in the interaction of the virtual photons with a chromophoric electron within the molecule, which moves at different speeds in the directions parallel and antiparallel to the magnetic field as a result of the chiral structure of the molecule [13] .
The main purpose of this article is to demonstrate that the Casimir momentum is not an effect unique to photons interacting with chiral molecules, but a generic phenomenon in nature. This is so because of the chiral character of the electroweak (EW) interaction of fundamental particles. This implies that not only chiral molecules but also fundamental particles can be accelerated along spatially uniform magnetic fields. In order to demonstrate these facts, we compute the Casimir momentum of the virtual leptons which couple electroweakly to an actual proton in the presence of a magnetic field. However, the mechanism through which the proton is accelerated is distinctly different to that which operates upon a chi-ral molecule. In particular, the aforementioned chiralityinduced differential Doppler-shift which operates in the EM case plays no role in the EW case. Quite the contrary, in the EW theory chirality implies an alignment between the spins and the momenta of the species which participate in the EW interaction. As a result, the orientation of the spin of any EW particle induces a net momentum on the actual proton, as well as on the virtual leptons, along the polarization axis. Lastly, spin-polarization is caused by the magnetic field, which breaks T-invariance.
Ultimately, we aim at unraveling the transfer of momentum and energy among the proton, the leptonic vacuum and the magnetic field. In this respect, we show that whereas the kinetic energy gained by the proton is a magnetic energy provided by the source of magnetic field, its momentum is provided the virtual leptons of the leptonic vacuum.
The article is organized as follows. In Sec.II we describe the fundamentals of our approach as well as the Hamiltonians of the relevant interactions. In Sec.III we compute the lepton Casimir momentum as well as the velocity reached by a proton along an external magnetic field which is switched on adiabatically. The origin of the proton kinetic energy is clarified. In Sec.IV, an analogous calculation is carried out for the case that the proton gets spin-polarized spontaneously while the magnetic field remains constant. The conclusions are summarized in Sec.V, and some relevant comments and remarks are discussed in Sec.VI.
II. FUNDAMENTALS OF THE APPROACH
We adopt a quantum field perturbative approach, using the Hamiltonian formalism in Schrödinger's representation. Slowly time-varying quantities like momenta and energies are evaluated in the adiabatic limit at zero temperature.
Let us denote by H = H 0 + W the total Hamiltonian of the electroweak system in a spatially uniform magnetic field B, where H 0 = α H The particles are fundamental leptons, electrons (e) and neutrinos (ν); and composite nucleons, protons (p) and neutrons (n), made of up (u) and down (d) quarks. Regarding nucleons, the dynamics of their internal and external degrees of freedom are considered decoupled. Regarding their external dynamics, protons and neutrons may be considered the two components of an isospin doublet of isospin I = 1/2, approximately equal masses, and third isospin components I 3 = ±1/2, respectively. Hereafter we will label with a script N all those operators which act upon the nucleon doublet. As for the internal dynamics, we treat quarks as constituent quarks with masses m d ≈ m u . They are bound within the nucleons by some effective strong confining potential which, together with their internal kinetic energy, conform the internal nucleon Hamiltonian H N int . Lastly, W is the EW potential between nucleons and leptons.
A. Nonperturbative Hamiltonian of leptons and nucleons
As for the Dirac and magnetic Hamiltonians in H 0 , they read in natural units, = c = 1,
where i, j = 1, 2, 3 are spatial indices, and α = p, n, e, ν. Ψ α are Dirac spinors with charges q α and masses m α , and spatial derivatives for nucleons are with respect to their center of mass, R. In good approximation, we consider that each nucleon interacts with the magnetic field as a whole. In fact, despite the coupling between the spins of their internal quarks [14] [15] [16] [17] [18] , the total spin contribution of these to the magnetic moment of the nucleons is equal to the magnetic moment of a single quark [19] . κ α µ N /2 is the anomalous magnetic moment of the nucleons, with κ α /2 being the anomaly factor and µ N the nuclear magneton [20, 21] .
is proportional to the spin operators [22] ,F ij = ∂ iÃj − ∂ jÃi is the electromagnetic tensor, and our gauge choice for the electromagnetic vector,Ã = −Byx, yields an external magnetic field B along theẑ-axis, which increases adiabatically from 0 to a final value B 0 . Thus, H α mag evolves adiabatically with B until B = B 0 , and remains constant from them on. Under these conditions, the eigenstates of H 0 (B) evolve in time with B towards the corresponding eigenstates of the stationary Hamiltonian H 0 (B 0 ), with B considered a quasi-stationary parameter in H 0 (B) at any time. The value of B is such that the inequality eB m , for electrons and protons respectively, correspond to Landau levels. In the gauge chosen, they are characterized by two quantum numbers, principal number N = 0, 1, 2, ... and spin number S = ±1; and by the continuous components of their canonical conjugate momenta alongx andẑ, p and k for protons and electrons, respectively, |N , S; p(k) 
Neutron states of momentum p experience a Zeeman splitting which depends only on the spin number
massless neutrinos are free fermions of momentum q and energy E q = q.
Expressions of the spinor eigenstates as well as of the fermion fields of all the species are compiled in Appendix A -cf. [21, [23] [24] [25] .
B. Internal nucleon effective Hamiltonian
With respect to the internal nucleon Hamiltonian H N int , for the sake of simplicity we adopt the simplest effective quantum model to describe the strong confinement of quarks within the nucleons. Such a model consists of considering the three quarks, up and down quarks, as constituent quarks of equal masses, m u ≈ m d , whose dynamics is nonrelativistic. They are bound together by a strong confining potential which is modelled by a harmonic-oscillator potential, V N conf . This is a simplification of the models of Refs. [14] [15] [16] [17] , from which we disregard corrections associated to Coulomb and hyperfine interactions between quarks.
The relevant EW interaction in our calculations takes place within the nucleon at the location of an active quark r, up for proton, down for neutron, while the remaining quarks rest as spectators [see Fig.1 ]. We denote the position vectors of the three constituent quarks of the nucleon by r u , r d , andr ,where r u and r d refer to the up and down spectator quarks, andr is the position vector of the active quark in the laboratory frame. Their corresponding conjugate momenta are p u , p d , andp. The Jacobi position vectors and corresponding conjugate momenta read [14] ,
where R is the centre of mass of the nucleon and p its conjugate momentum. As for the active quark, its position vectorr reads, in terms of Jacobi's coordinates, r = R + 2r λ /3. In the nonrelativistic limit, the total kinetic energy of the nucleon reads, in terms of Jacobi's momenta,
from which we identify the first term on the right hand side with the kinetic energy of the centre of mass, already accounted for in H 
where
The terms of order eB/m d in Eq.(3) stem from the coupling of the conjugate momenta toÃ, and are negligible at our order of approximation. Following Refs. [15, 16, 18] , approximate values for the constituent quark mass m d and the effective frequency ω are m d ≈ 340MeV and ω ≈ 250MeV, respectively.
Owing to the approximate flavor symmetry of H N int for m d ≈ m u , W does not affect the internal nucleon dynamics but for the recoil of the active quark. At zero temperature, the internal nucleon state is the ground state of H N int , |φ 0 int , whose energy we set to zero. In Jacobian spatial coordinates, its wavefunction is are manifestly model-dependent, they set generically an upper limit for the internal momenta of the constituent quarks at ∼ m d .
C. The four-fermion effective EW Hamiltonian
On top of H 0 , the EW interaction is perturbative. At low energies, it is described by the electroweak V-A potential [22, 26, 27] ,
and
are the leptonic and hadronic currents respectively, with g A 1.26 being the axial-vector coefficient and G F the Fermi constant. As mentioned earlier, the EW interaction takes place within the nucleon at the location of the active quark,r, while the remaining quarks rest as spectators [ Fig.1 ]. Important is to notice that, in low energy phenomena like the one described in this article, the individual hadrons are bound within the nucleons even in the intermediate states of the quantum process. Therefore, no renormalization is needed and there is no need to introduce the fermion-gauge vertex of interaction with W ± and Z bosons. Chirality in W manifests in the coupling of left-handed particles to right-handed antiparticles. As a result, there exists a net alignment between the spins and momenta of the hadrons and the leptons which participate in the EW interaction. That explains, for instance, the celebrated experiment of Wu et al. [28] on the beta decay of polarized Co 60 nuclei, where left-handed electrons were preferably emitted in the direction opposite to the spins of the nuclei [27] .
D. Dynamical observables in the adiabatic limit
The fact that the external magnetic field B which enters Eq.(2) increases adiabatically in time, makes it possible to apply the adiabatic theorem to the computation of the expectation value of any operator which evolves adiabatically with B. Let us consider that B(τ ) increases slowly in time from 0 at τ = 0 to B 0 at some later time t 0 > 0. The expression for the expectation value of certain Schrödinger operator O of the system at time t > 0 reads,
where |Φ(0) is the state of the system at τ = 0 and
H dτ ] is the time-propagator in Schrödinger's representation. In our perturbative approach, we will expand U(t) in powers of W . In order to set this explicitly, we rather write
On the other hand, the adiabatic theorem implies that, if the state of the system starts in an eigenstate of H at τ = 0, B(0) = 0, it will evolve towards the corresponding eigenstate of the Hamiltonian H at any latter time t at which B(t) = 0 can be considered quasi-stationary. Given the one-to-one correspondence between the value of the field B and the time t, hereafter we will replace the time-dependence of states and operators on t with their dependence on B. In particular, let us define
as the initial state of the system, where we use the nomenclature of Sec.II A to denote the state of an unpolarized proton at rest and the leptonic vacuum, at zero magnetic field, with L → ∞ being a normalization length. The adiabatic theorem implies that, at a later time t, this state will evolve towards its corresponding eigenstates of H(B) with a quasistationary magnetic field B. Using the nomenclature in Sec.II A,
Note that, in order to keep the computation of O(t) at lowest order in W , |Φ B has been approximated to U 0 (B)|Φ 0 but for the shift P N B in the linear momentum that the nucleon (N ) acquires as a result of the action of W in Eq.(7). This way, in our approximation, |Φ B remains being an eigenstate of H 0 (B). Next, the expectation value O(t 0 ) = O B0 can be computed out of the integration of the variations δ O B with respect to the adiabatic variations of the magnetic field, δB, from B = 0 to B 0 . In order to compute those variations it is convenient to define a new time-evolution operator which takes account of the adiabatic evolution of the system upon which the operator O applies. At leading order in W we definẽ
whereŨ 0 B (τ ) = e −iH0(B)τ , for B stationary. Using this definition we can write the adiabatic variation δ O with respect to an adiabatic variation δB, at certain value of the magnetic field B, as
Therefore, in the adiabatic limit, at time t 0 , Eq. (6) reads
It is worth noting that the formalism presented here is a generalisation of the so-called Hellmann-Feynman-Pauli theorem which applies to the case that O = H 0 (B). That is, to the computation of the energy of a system whose Hamiltonian depends on an adiabatic parameter [29] . We finalize this section with some comments relevant to the subsequent calculations. In the first place, we note that since |Φ B is a stationary state throughout the adiabatic variation of B, Eqs. (9) and (10) imply that δ O B can be computed using stationary perturbation theory upon the time-independent Hamiltonian H 0 (B) + W . Further, provided that the operator O is independent of the adiabatic parameter B, O(t 0 ) can be computed using stationary perturbation theory upon the time-independent Hamiltonian H 0 (B 0 ) + W . That is, if δO/δB = 0, it holds that, for t t 0 ,
In fact, from Eq. (9) it is plain that O(t) in Eq. (12) does not depend explicitly on t.
III. LEPTON CASIMIR MOMENTUM IN AN ADIABATICALLY TIME-VARYING MAGNETIC FIELD
In this Section we show by direct computation that the application of an adiabatically increasing magnetic field B on an initially unpolarized proton at rest, makes virtual leptons acquire a net linear momentum parallel to B while the proton accelerates in the opposite direction. In addition, we demonstrate that the kinetic energy gained by the proton is part of the magnetic energy provided by the source of the magnetic field.
A. Lepton Casimir momentum
In order to compute the Casimir momentum we apply the formalism of Sec.II D to the expectation value of the leptonic momentum as the magnetic field increases from 0 to its final value B 0 , at leading order in B 0 . That is, the quantity of our interest is K e + + Q ν B0 , where K e and Q ν are the kinetic momentum operators of positrons and neutrinos, respectively,
The expressions for K e + and Q ν in terms of creation and annihilation operators of positrons, b
, and neutrinos, a ν( †) S (q), are derived in Appendix C 2. Since the operators K e + and Q ν do not depend on B, from Eq. (12), (K e + + Q ν )(t) reads, for t t 0 ,
where |Φ B0 is given in Eq. (8) . We compute Eq. (14) at leading order in W , i.e., O(W 2 ), using Eq. (9) . Its diagrammatic representation is given in Fig.1(b) . There, an actual proton emits a virtual positron-neutrino pair in the presence of an external magnetic field B 0 . The momentum operators of leptons apply at the observation time t t 0 .
The chiral nature of W along with the magnetic field B break the mirror symmetry with respect to the xyplane. Therefore, the only nonvanishing component of (K e + + Q ν )(t) can be that along B 0 ẑ. In addition, translation invariance of H along the magnetic field implies conservation of total momentum in that direction, i.e.,ẑ · P N (t) = −ẑ · (K e + + Q ν )(t) . Therefore, if the leptonic momentum presents a non-zero component along B, we can be certain that the proton accelerates in the opposite direction. P N (t) is the quantity that can be accessed experimentally, whereas (K e + + Q ν )(t) is what can be computed.
Applying these considerations to Eq. (14), the Casimir momentum of leptons at time t t 0 is, at O(W 2 ),
The leptonic and hadronic currents flanking the energy denominator of Eq. (15) give rise to quadratic vacuum fluctuations for the case of leptons, and quadratic hadron fluctuations upon the external proton state 0, 1;
Explicit expressions of these fluctuations are written down in Appendix D. It is of note that (K e + + Q ν )(t) remains constant for t t 0 as long as the state |Φ B0 remains stationary too.
FIG. 1: (a)
Diagrammatic representation of (K e + + Qν )(t) at order W 2 considering the time evolution of B. Time runs along the vertical. The magnetic field increases from 0 at time 0 to B0 at t0. Lepton kinetic momentum operators apply at the observation time t t0. Vertices stand for W ; dashed and grey circles at time t depict the kinetic momentum operators of neutrinos and positrons, respectively. (b) Diagrammatic representation of (K e + + Qν )(t) according to Eqs. (14) and (15) using the adiabatic approximation. The value of the magnetic field remains constant at B0, and the initial state of the system is |Φ B 0 at τ → −∞.
In Eqs. (14) and (15), α H α mag in H 0 (B 0 ) causes an effective orientation of the spin of each magnetic particle along B 0 , α = e, n, p. On the other hand, the chiral potential W induces an alignment between the spins of the particles and their momenta. Both effects together result in a net alignment of the linear momenta of leptons and hadrons along B 0 and, in turn, in a nonvanishing value of (K e + + Q ν )(t) . Its final expression reads
Re dy dy dp y 2π
, and δS n = |κ n |µ N B 0 4m n (17) are, respectively, the net spin density of any pair of consecutive positron Landau levels, |N , −1; k e B0 and |N + 1, 1; k e B0 ; the net spin density of the two lowest proton Landau levels, |0, 1; 0 p B0 and |0, −1; 0 p B0 ; and the net spin of any pair of neutron states with equal momenta and different spin numbers, -1 and +1. Their equations are written in Appendix C 1. In Eq. (16), y and y are the coordinates of the centre of mass of the nucleon alongŷ; k is the canonical momentum of the virtual positrons; q is the momentum of the virtual neutrinos; and p is the momentum of the intermediate neutron. At each vertex, total momentum fails to be conserved on the plane perpendicular to B 0 . With our choice of gauge, conservation holds however along the axisx andẑ, p x,z = −(k x,z + q x,z ). Concerning the energy denominators, for For the nonrelativistic harmonic oscillator of Eq.(4), the form factors posses a Gaussian profile in momentum space which, in an effective manner, sets a cutoff for the momentum integrals at ∼ m d -see Eq.(E13). In particular, for m = 0,
As anticipated, Eq. (17) shows that the effective spinpolarization of protons, positrons and neutrons is proportional to the magnetic field. In addition, the alignment of the momenta of virtual positrons and neutrinos with the spins reflects in the pseudo-scalar products of spins and momenta in the integrand of Eq. (16) . As in Wu's experiment [27, 28] , that causes virtual positrons and neutrinos to be emitted and absorbed with different probabilities in the directions parallel and antiparallel to B 0 . In our case, in virtue of total momentum conservation along B 0 , that results in a net transfer of momentum to the actual proton. Passing the sums to continuum integrals and using the nonrelativistic harmonic-oscillator model of Isgur & Karl for the internal eigenstates of the nucleon [14] [15] [16] , we arrive at
for the leptonic Casimir momentum and the proton velocity, respectively. It is of note that, as for the case of the calculation of the Lamb-shift for the hydrogen atom, it is the inclusion of retardation factors in the lepton fields, together with the internal wavefunction of the nucleon, which makes the result finite -cf. Refs. [2, 7] and Appendix E. In addition, the nonrelativistic approximation implies the restriction of the sum over intermediate internal nucleon states to m = 0 in Eq. (16) . It is explained inf Appendix E 2 that the contribution of excited states is negligible at our order of approximation.
From the result of Eq. (18) we find that the velocity that a proton can reach under the action of the strongest magnetic fields in laboratory cannot exceed 10 −20 m/s, which is undetectable in experiments. However, for the typical values of B 0 within magnetars, between 10 11 T and 10 14 T [30] , we obtain 10 −2 nm/s< v p < 10 nm/s, which might have an impact on the distribution of matter in those extremely dense objects [21] .
B. Nature of the proton kinetic energy
Regarding energetics, the kinetic energy of the proton,
0 /m 3 p ) correction to its EW self-energy. In Appendix F, W (t 0 ) is computed out of the integration of δ W B from B = 0 to B = B 0 . There, it is shown that δ W B contains a term
which is nothing but the energy associated to the differential Doppler-shift experienced by the virtual leptons emitted and reabsorbed by the proton in motion along B. 
2mpδB . Therefore, we conclude that the kinetic energy of the proton is indeed a magnetic energy. This means that, while the kinetic momentum of the proton along B is provided by the virtual leptons, its kinetic energy is supplied by the source of the magnetic field. Thus, we interpret that the magnetic energy is spent in breaking the P and T symmetries which originates the asymmetry on the kinetic momentum of the virtual leptons along B.
IV. SPIN-RELAXATION-INDUCED PROTON ACCELERATION AT CONSTANT MAGNETIC FIELD
In the previous Section it was assumed implicitly that the state of the system |Φ B , made of the superposition of the two lowest Landau levels of the proton with opposite spins, was a quasi-stationary state. This is so as long as the interaction of the proton with the electromagnetic vacuum field can be neglected. The latter is indeed a good approximation if the time of observation is much less than the inverse of the radiative emission rate, Γ p , which makes the proton decay into its lowest Landau level in the presence of the magnetic field. That explains the condition t t 0 , t 0 Γ −1 p , in all the equations of the previous Section.
In this Section we begin with the unpolarized proton state |Φ B0 at time t 0 , and consider that the magnetic field remains constant in time at B 0 for t ≥ t 0 . For simplicity, we neglect also the velocity of the proton at time t 0 given in Eq. (18) . In contrast to the previous Section, we incorporate the coupling between the EM vacuum and the proton through the Hamiltonian H p mag by adding up the quantum field operator A to the uniform external fieldÃ considered already in Eq. (2) . The Hamiltonian of the free EM field has the usual form,
The coupling of A to the proton makes the excited Landau levels decay through EM radiation. In particular, the coupling of the quantum magnetic field ∇ × A in H p mag to the magnetic moment operator associated with the proton spin, causes the M1 transition from the state |0
with S p being the proton spin operator. In the following, we show that an additional Casimir momentum arises through the spin-relaxation of the proton. Let us start by defining time-propagators analogous to those of Sec.II D which incorporate the Hamiltonians H EM and W p mag in the adiabatic approximation. In the first place, we define U 0 (τ ) = e −i[H0(B0)+H EM ]τ , and consider inŨ 0 (t) the interaction of the proton with the EM vacuum field in the adiabatic approximation,
The adiabatic approximation in this equation is a consequence of the adiabatic evolution of the system along the adiabatic variation of the magnetic field up to its final value B 0 . Under the action of the EM quantum field, the state of the system evolves as |Φ(t)
p , with |Ω γ being the EM vacuum state [40] . It is of note that the dominant contribution of W p mag to |Φ(t) is given by those processes which involve onephoton emission only from the proton state |0, −1; 0 p B0 . They are depicted in Fig.2(a 1 ) . They lead to an exponential decay in time whose rate is given by [31] [32] [33] Γ p = 2Re
whose diagram is depicted in Fig.2(a 3 ) . Finally, the effect of W p mag on the ground state |0, +1; 0 p B0 is a small shift in its magnetic energy that can be discarded - Fig.2(a 2 ) . Therefore, the net effect of the EM quantum field on the system is the spin-relaxation of the proton to its ground state. That is, in good approximation we can write
Lastly, the EW interaction remains perturbative. At lowest order in W , the total time-propagator is now
As spin-relaxation takes place, it is symmetry allowed for virtual positrons and neutrinos to acquire a nonvanishing momentum along the proton spin. Using Eq. (25) we write this momentum as
This equation is identical to Eq.(15) but for the replacement of |Φ B0 with |Φ(t) . Its diagrammatic representation is that of Figs.2(b 1 -b 3 ) It is of note that the expectation value of the momentum of the emitted photon is identically zero at leading order. It is only when considering the proton velocity that the differential Doppler-shift experienced by the photon along P N results in directional emission. Therefore, at our order of approximation it holds that P N (t) = − (K e + + Q ν )(t) and we can ignore the photon-emission-induced recoil. Taking into account these considerations we arrive at (K e + + Q ν )(t) = Re dy dy dp y 2π
where S p (t) = (1 − e −Γpt )ẑ/2 is the expectation value of the proton spin. Truncating the sum over internal nucleon states at m = 0 as for Eq.(18), the integration of Eq. (27) yields
Let us emphasize that the result of Eq. (28) is independent of the process by means of which the proton was polarized, but for the specific value of Γ p . At he end of the polarization process, the proton velocity is of the order of µm/s, which may lie within the scope of current experimental observations using proton traps [34] .
V. CONCLUSIONS
We have shown that virtual leptons acquire a Casimir momentum when EW-coupled to a proton in the presence of a spatially uniform magnetic field. Reciprocally, an equivalent kinetic momentum is transferred to the proton in the opposite direction. In the first place, under the action of an adiabatically increasing magnetic field, B, the resultant momentum is proportional to the magnetic field at any time [Eq. (18)]. In addition, at constant magnetic field, as the spin-relaxation of the proton proceeds, the momentum is proportional to the expectation value of the proton spin, S p [Eq. (28)]. At the end of the spin-relaxation process, the proton velocity, antiparallel to S p , is of the order of µ/s, which may be experimentally accessible and constitutes the most important result of this article.
Therefore, contrary to the result in classical electrodynamics [35] , our findings in EW and those of Ref. [12] in EM imply that, generically, a magnetic particle does accelerate linearly along a spatially uniform magnetic field if its interaction with the quantum vacuum is chiral. Further, in the EW case, there is no need for the particle to be magnetic (eg., an unstable neutral pion), since virtual leptons and hadrons can be spin-polarized too. Hence, since the EW interaction of any material particle with the leptonic and hadronic vacua is chiral, it follows that, in the presence of a magnetic field, the Casimir momentum is a generic phenomenon in nature.
Lastly, for the case that the proton accelerates under the action of an adiabatically time-varying magnetic field, it has been demonstrated that its kinetic energy is a magnetic energy. This means that, while the kinetic momentum of the proton along −B is provided by the virtual leptons, its kinetic energy is supplied by the source of the magnetic field. Also, since leptons remain virtual throughout the process, this implies that the proton acceleration is not caused by the recoil associated to the emission of any actual particle.
VI. DISCUSSION
Regarding the approach, some comments are in order. In the first place, the most promising result to be verified experimentally is that of the velocity of a polarized proton in Eq. (28) . However, spin-relaxation via EM emission, as presented in Sec.IV, is a highly inefficient method. Nonetheless, as long as adiabaticity is preserved in the polarization process, any other more efficient technique should yield an equivalent result [34, 36] . Second, the results of Eqs. (18) and (28) depend on the hadron model which determines the nucleon wavefunction in Eqs. (16) and (27) [14] [15] [16] [17] [18] . Consequently, discrepancies of order unity are expected between our estimates and the experimental measurements. Nonetheless, this makes the leptonic Casimir momentum a suitable phenomenon to test hadron models at low energies [8, 37] . Improvements on the accuracy of our results involve the implementation of relativistic hadron models in the internal nucleon Hamiltonian [38] , as well as including relativistic corrections to the external dynamics of the intermediate neutron state. In any case, it is noteworthy that, as for the calculation of the Lamb-shift, the convergence of the resultant momentum integrals is guaranteed in our approach by the inclusion of retardation factors in the lepton fields, together with the internal wavefunction of the nucleon.
Concerning the physical interpretation of our findings, we first comment on the neglect of the photon momentum in Eq. (27) . It was argued in Sec.IV that the expectation value of the photon emitted in the spin-relaxation process is null. However, when considering a single emission realization -see (28), and thus negligible in any single emission realization. Second, at a fundamental level, it is worth emphasizing that the Casimir momentum, as any other observable quantum phenomenon, is to be attributed to virtual particles or quantum field fluctuations coupled to actual particles. Its adscription to the vacuum, as appears in Ref. [13] in an EM scenario, rests on the interpretation that the vacuum state and the state of the electric charges are disentangled, which is obviously not the case. As a matter of fact, in our EW scenario it is the consideration of the nucleon-leptonicvacuum state as a whole which allows us to unravel the apparent violation of the action-reaction principle. That is, since no transfer of momentum with the source of magnetic field takes place at any time, it is the total momentum of the nucleon-leptonic-vacuum state which remains null, in accordance with momentum conservation and global translation invariance along B. This is represented pictorially in Fig.3 .
Finally, let us discuss some aspects to be addressed in future work. In the first place, it is left to investigate the nature of the kinetic energy of the proton at the end of the spin-relaxation process. Interestingly, it seems not to depend on the strength of the magnetic field. Second, we plan to apply the formalism to the calculation of the acceleration of a neutron as it gets spin-polarized. This calculation is relevant for two reasons. First, from an experimental perspective, in contrast to protons, it might be easier to test the acceleration of an ensemble of polarized neutrons which are not affected by the Coulomb interaction. Second, due to the neutron instability against beta decay, it is expected that the momentum integrals analogous to those in Eq.(27) possess a resonant compo- nent [39] in addition to the off-resonant one found for the proton. The question arises as to whether the well-known directionality in the emission of beta particles would be the result of a resonant Casimir momentum only or if, on the contrary, they would carry with them the total Casimir momentum of virtual electrons.
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Appendix A: Spinor eigenstates of magnetic leptons and nucleons in a uniform and stationary magnetic field
In this Appendix we compile the equations for the spinor eigenstates of the Hamiltonian H α D + H α mag for electrons (α = e), protons (α = p) and neutrons (α = n) in the presence of an external and uniform magnetic field, B = Bẑ, in the gaugeÃ = −Br yx . We make use of the results within Refs. [21, [23] [24] [25] , as well as the textbooks of Peskin & Schroeder and Itzykson & Zube [22] . We employ the chiral representation, with the Dirac matrices given by
where I is the two-dimensional identity matrix and σ i is the i th Pauli matrix. In this representation, γ 5 writes γ 5 = +iγ 0 γ 1 γ 2 γ 3 .
Electron and positron Landau levels
For electrons, the eigenstates of the Hamiltonian density operator,ĥ 
The spinor eigenstates for electrons read
while those for positrons are
such thatĥ 
where a e( †)
N ,S (k x , k z ) are the annihilation and creation ( †) operators of electrons and positrons, respectively, which satisfy the usual anticommutation relations,
Positron states appear as vacuum fluctuations in the calculations of the Letter. In terms of positron creation operators acting on the leptonic vacuum, their expression is
Low-lying proton Landau levels
As for protons, we will restrict ourselves to the low-lying positive energy eigenstates of the Hamiltonian operator h 
Creation and annihilation proton (and antiproton) operators follow anticommutation relations analogous to those in Eq.(A2),
and the proton field reads 
It is worth mentioning that the kinetic energy of the 0-Landau levels of the proton, related to its motion on the plane perpendicular to B, is provided by the work done by the classical rotational electric field, ∇ × E = −∂B/∂τ .
Nonrelativistic neutron states and massless neutrino states
Neutrons in the presence of a magnetic field B experience Zeeman splitting as a result of their anomalous magnetic moment. The eigenvalues ofĥ
, for nonrelativistic neutrons of kinetic momentum p m n , and eB m 2 n , depend on the quantum spin number, S = ±1, as E n S m n + p 2 /2m n + S|κ n |µ N B/2. In the nonrelativistic limit, at leading order in eB/m 2 n , the neutron eigenstates are
where V n p,S is the antineutron eigenstate of spin S and momentum p, and the creation/annihilation operators satisfy the usual anticommutation relations,
In terms of neutron creation operators acting on the hadronic vacuum, |Ω h B , nonrelativistic neutron states read |p; S
Lastly, the eigenstates of neutrinos, which are ordinary free massless spinors, are
The neutrino field Ψ ν (r) reads
where V ν q,S is the antineutrino eigenstate of spin S and momentum q, and the creation/annihilation operators satisfy the anticommutation relations,
In terms of neutrino creation operators acting on the leptonic vacuum, |Ω l B , neutrino states read |q; S
Appendix B: The electromagnetic field
The free electromagnetic field Hamiltonian which enters Sec.IV contains both the time-derivative and the rotational of the quantum EM field A(R), which stand for the electric and magnetic quantum fields respectively. In the Coulomb gauge, compatible with the gauge chosen forÃ, those fields read, in terms of creation and annihilation photon operators [2] , 
In terms of photon creation operators acting on the EM vacuum, |Ω γ , one-photon states read |k; s γ = √ 2k a γ † s (k)|Ω γ ; and the free EM Hamiltonian is
Appendix C: Spin expectation values and lepton kinetic momentum operators
We use the expressions for the spinor eigenstates of the electroweak particles to compute the spin expectation values which appear in Eq. (17) as well as the lepton kinetic operators, K e + and Q ν .
Spin expectation values
Using the equations for the spinor eigenstates in Appendix A, we write down the expressions for the expectation values of the spin operators given in Eq. (17) ,
where S e + z , S p z and S n z are the components of the spin operators along B, for positrons, protons and neutrons, respectively.
Kinetic momentum operators of leptons
In this subsection we write down the expressions of the kinetic momentum operators of positrons and neutrinos, K e + and Q ν , in terms of their creation and annihilation operators.
As for the neutrino momentum, it is,
As for the kinetic momentum of positrons in a magnetic field B, we make use of the formulas developed in Appendix A 1 in the gaugeÃ = −Br yx .
+ m e − k z ) + 4N eB, and the dependence of the creation and annihilation positron operators on k x and k z has been omitted for brevity.
where greek indices take the values 0, 1, 2, 3, whereas latin indices take 1, 2, 3. The index 0 corresponds to the time component, while 1, 2, 3 refer to the spatial cartesian components x, y, z, respectively. In Eq.(D1) the factors propor-
It is only the terms proportional to (1 + k 3 /E e 0 ) in the second and third rows that correspond to fluctuations of positrons in the lowest Landau level.
Hadronic current fluctuations
As for the hadronic current fluctuations which enter Eq. (26) for the case that the proton state is |φ
where terms of the order of eB 0 /m 2 p smaller have been discarded since they are irrelevant for the computation of the Casimir momentum of Eqs. (27) and (28) .
For the hadron current fluctuations in Eq. (15), the external proton state is the stationary state |φ p ext B0 , and the current fluctuations read, up to terms of order eB 0 /m
Appendix E: Kinetic energy terms in EN ,m and form factors
In this Appendix we derive the kinetic terms which enter the factor E N ,m in the denominator of the integrands of Eqs. (16) and (27) , as well as the form factors φ0 int |φ m int which appear in those equations.
Kinetic energy terms in EN ,m
We follow an approach analogous to that in chapter 3 of Ref. [2] , P.W. Milonni, and references therein, which is applied there to the computation of the Lamb-shift. Let us consider the integrand of Eq. (15), and let us evaluate the energy denominator there for certain intermediate state of positrons, neutrinos and neutrons |I e,ν,n B0 = |N , S e + ; k x , k z e B0 ⊗ |q, S ν ν ⊗ |φ
where the expressions for φ 
whereξ e + = √ eBr y + k x / √ eB, and we have rewritten the coordinate of the active quark in terms of the nucleon centre of mass R and the Jacobi coordinate r λ ,r = R + (2/3)r λ , and the internal nucleon Hamiltonian of Eq.(4) as an explicit function of p ρ and p λ . The exponential factors flanking the denominator come from the hadronic and leptonic currents on either side of the integrand in Eq. (15) . Bearing in mind that the relevant contribution of positrons to Eq.(16) comes from relativistic positrons, the following approximation can be used for Landau levels with N 1,
Substituting the above expression into Eq.(E2), we arrive at dxdzdp x dp z (2π) 
The integration in x and z yields the deltas of momentum conservation (2π)
Further, integration in momentum coordinates leads to the following effective replacement in the denominator of Eq.(E3),
Next, we apply the canonical commutation relations, [r 
and the replacement in Eq.(E4), the energy denominators of Eq.(E3) read, for a nonrelativistic neutron,
where we have replaced H 2N eB − k y )ŷ]/m d are Doppler shift terms which are negligible in the nonrelativistic limit, and so are the spin-dependent magnetic terms. As a result, the energy denominators of Eq.(E5) can be approximated by
As a function of E 
which have been denoted by φ0 int |φ m int in Eqs. (16) and (27) of Secs.III and IV. Finally, approximating E
as it appears in Eqs. (16) and (27) .
Form factors
Regarding the form factors of the internal states and the contributions of these states to the energy denominator E N ,m , we first note that the r λ -dependent and r ρ -dependent parts of the Hamiltonian H N int in Eq.(4) are isotropic harmonic oscillators of frequency ω and effective masses 2m d /3 and m d /2, respectively. As for the sum over internal nucleon states in Eqs. (16) and (27) , the states |φ m int are composed of the tensor product of the ground state of the oscillator in r ρ , and all the states of the oscillator in r λ . As for the wavefunction of the non-degenerate ground state, it reads
while the excited eigenstates with energy mω, m ∈ N, are degenerate with degree of degeneracy g m = (m+1)(m+2)/2 and wavefunctions
Inserting the above expression in Eq.(E9) for the form factors, and squaring, we end up with 
where κ x = 2(k x + q x )/3, κ z = 2(k z + q z )/3, κ y± = 2(q y ± √ 2N eB)/3. On the other hand, the energy of the excited sates mω becomes rapidly relativistic, since ω ∼ m d . Therefore, in an effective manner, the combination | φ0 int |φ (16) and (27) for all m. It provides this way an effective cutoff at q, k, √ 2N eB ≈ β ∼ m d , which makes the integrals convergent. Second, the form factor of the excited state m provides a factor which scales as ∼ (k 2 + q 2 + 2N eB) m /m 2m d , which is a relativistic correction ∀ m ≥ 1 that lies beyond the non-relativistic approximation assumed for the internal hadron dynamics. Therefore, the contribution of all the excited states must be discarded by consistency. Nonetheless, one must bear in mind that their contribution would be just one order higher than the leading order nonrelativistic terms included in Eqs. (18) and (28) . With this proviso, we are just left with the contribution of the internal nucleon ground state whose form factor reads 
where it is assumed that √ 2N eB takes both positive and negative values. . Note also that B and B differ by δB. This will allow us to identify δ W B from the relationship W B = W B +δ W B . In Appendix E we computed the energy factor E N ,m starting with the expression in Eq.(E3). In the present case, that equation must incorporate the factor e −i P N B ·R of B Φ | on the left, and e i P N B ·R on the right of the integrand, dxdzdp x dp z (2π) 2 φ 
The first term does not depend on the proton momentum, whereas the second term is exactly Eq.(E10) found in Appendix E for the Casimir momentum times P N B /m p . Putting all these results together, Eq.(F3) yields, up to terms of order (k + q) · P N B /m p E N ,m in the integrand, /2L E p 0 is here the state of the system in a magnetic field B , where the proton presents zero momentum along B. The first term of Eq.(F7) is the leading order EW self-energy of a proton in the presence of a constant and uniform magnetic field B , while the second term is the leading order Dopplershift correction. By direct comparison with Eq.(15), the second term is readily identifiable with − K e + + Q ν B · P N B /m p . As argued in Sec.III A, conservation of total momentum along B implies − K e + + Q ν B = P N B . Lastly, since B = B + δB, we can write the nucleon momentum at B as P N B = P N B + δ P N B , from which we obtain that
Identifying δ P N B · P N B /m p as part of δ W B in Eq.(F8), we conclude the proof of the relationship (F2) and confirm the statements in Sec.III B.
